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Abstract. In this paper, we study the composition operators on an algebra 
of Dirichlet series, the analogue of the Wiener algebra of absolutely convergent 
Taylor series, which we call the Wiener-Dirichlet algebra. We study the con- 
nection between the properties of the operator and of its symbol, with special 
emphasis on the compact, automorphic, or isometric character of this opera- 
tor. We are led to the intermediate study of algebras of functions of several, or 
countably many, complex variables. 
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1 Introduction 

Let A + = A + (T) be the Wiener algebra of absolutely convergent Taylor 
series in one variable : / <E A + if and only if 



zo) = Yl a « z "' with n^i A+ = ' a "i < +o °- 

It is well-known that A + is a commutative, unital, Banach algebra with spec- 
trum D, the closed unit disk. If <f> : D — > D is analytic, the composition operator 
C<f, with symbol <j> is formally defined by C '$(/) = / ° (p. 

Newman |Ne| studied those symbols 4> generating bounded composition op- 
erators Cf, : A + — > A + , and proved in particular the following: 

(a) Ccf, maps A + into itself if and only if 6 A + and ||</>™|U+ = 0(1) as 
n — > oo (e.g. <p(z) = 5 _1 / 2 (1 + z — z 2 )): this happens if and only if all 
maximum points 0$ of |0(e* e )| are "ordinary points'", i.e. if and only if we 
have, as t — > 0: 

log0(e l ( e ° +t )) = a + ait + a k t k + ■ ■ • , 
where k > 1 and cik ^ is not pure imaginary; 
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(b) if moreover |0(e lt )| = 1, one must have cf>(z) — az d , with \a\ = 1 and 

(c) C<f, : A + — > A + is an automorphism if and only if 4>{z) = az, with \a\ = 1. 
Harzallah (see [K]) also proved that: 

(d) Ccf, : A + — » A + is an isometry if and only if <fi(z) = az d , with \a\ = 1 and 
d e N. 

The aim of this paper is to perform a similar study for the " Wiener- Dirichlet" 
algebra A + of absolutely convergent Dirichlet series: / S A + if and only if 

oo oo 

f(s) = ^2 a nn~ s , with H/IU+ = ^2 l a «l < +°°- 

n—l n— 1 

A + is a commutative, unital, Banach algebra, with the following multiplication 
(quite different from the one for Taylor series): 



^ a n n s J I b nn s I = ^ c„n s , with c„ = a^j 




>4 + can also be interpreted as a space of analytic functions on Co (where in gen- 
eral we denote by Cg the vertical half-plane IZe s > 9), and the study of function 
spaces formed by Dirichlet series has known some recent interest (see the papers 
of Hedenmalm-Lindqvist-Seip |HLS| . Gordon-Hedenmalm [£tHJ, Bayart |B1| . 
|B2], Finet-Queffel ec-Volb erg |FQV| , Finet-Queffelec [FQ], Finet-Li-Queffelec 
FLQ|, Mc Carthy |McC| ). Now, a method due to Bohr (see for example [^] ) 
identifies the algebra A + with the algebra A + (T°°) formed by the absolutely 
convergent Taylor series in countably many variables (this point of view, which 
allows to identify the spectrum of A + as D , the spectrum of A + (T°° ) , has been 
used by Hewitt and Williamson |HeWj . among others, to prove the following 
Wiener type tauberian Theorem : "If / e A + and \f(s)\ ^ 5 > for s € Co, 
then l/f G A + "). 

Let us recall the way this identification is carried out. Let (pj)j^i be the 
increasing sequence of prime numbers (pi = 2, P2 = 3, pa = 5, . . . ). If 

f(z)= ^2 a a z a with ||/m+(T°°) = ^2 l flQ l < +°°' 

where, as usual, we set a = {a,\, . . . , a r , 0,0,.. .) and z a = z" 1 . . . z" r for z = 
(zj)j^i, then A: A + -> A+(T°°) is defined by: 

(OO \ OG 

71=1 J n=l 
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if n = p" 1 . . .p" r is the decomposition of n in prime factors. A is an isometric 
isomorphism. Moreover, we shall need two more facts about A. For s € Co, we 
set zM = (pj s )j- We then have: 

A/(z [s] ) = /(s), for any / e A+ and any s e C (1) 
IIA/Hoo = H/IU for each / e 4+, (2) 

where we set ||/||oo = sup \f(s)\ and HA/Hoo = sup|A/(z)|, with B = {z — 

(zj)j^i € D°° ; — ► 0}. Indeed, if /(s) = a n n~ s , we have: 

OO OO 

a/(z w ) = £ a„bpr ■ ■ ■ (*v s r - E ^(pf 1 ■ ■ = /(*)• 

n— 1 n— 1 

On the other hand, let z = (zj)j-^i € B. Fix an integer N, let A: = 7r(7V) be 
the number of primes not exceeding N, and Sn(z) — Yl n =i a ™ z i* 1 • ■ ■ z k k s with 
n = p* 1 . . .pl k . Pick a > such that \zj\ < 1 < j < fc. Due to the 

rational independence of logpi, . . . , \ogpk and to the Kronecker Approximation 
Theorem ( (HSTj ), the points (pj )i<j<fc, i £ K, are dense in the torus T k , so 
that the maximum modulus principle for the polydisk D fc gives: 

N N 

\S N (z)\ ^ sup \Y,a n w? 1 ...u?\= sup ^dniPlT 1 ■■■(Pk s r 

\ w i\=Pj" n=l Tles-a n=1 

N N 



sup a n n s ^ a 



n=l 



Hence ||5jv||oo < II 

On 71 ||oo- 

Letting JV tend to infinity gives HA/Hoo < 
H/Hoo, which proves (01, since we trivially have HA/Hoo ^ ||/||oo- 

In this paper, we use the identification proposed above to obtain results 
similar to (a), (b), (c) and (d) for A + . This leads to an intermediate study of 
composition operators on the algebras A + (T°°) and A + (T h ) (the fc-dimensional 
analog of A + (T°°)). Accordingly, the paper is organized as follows: 
In Section 2, we give necessary, or sufficient, conditions for the boundedness, or 
compactness, of : A + — > A + , and study in detail some specific examples. In 
Section 3, we study the automorphisms of the algebras ^4 + (T fc ), A + (T°°), A + . 
In Section 4, we study the isometries of those algebras, and we point out some 
specific differences between the finite and infinite-dimensional cases. Section 5 
is devoted to some concluding remarks and questions. 

A word on the definitions and notations: we will say that integers 2 < 
Qi < Q2 < ■•• are multiplicatively independent if their logarithms are rationally 
independent in the real numbers; equivalently, if any integer n ^ 2 can be 
expressed as n = q" 1 . . . q^ r , a.j € No, in at most one way (e.g. qi — 2, q-2 = 6, 
</3 = 30) . We shall denote by V the space of functions ip : Co — > C which are 
analytic, and moreover representable as a convergent Dirichlet series J2T c n n ~ s 
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for IZe 8 large enough (V is also called the space of convergent Dirichlet series; 
for example, if ip(s) = (1 — 2 1 ~ s )£(s), and ip(s) = xp(s — a), ip is entire, and 
representable as ^^(— l) n_1 n a n _s for lies > a). T denotes the unit circle, 
and plays no role in the definition of A + (T k ) and A + (T°°), although T fe (resp. 
T°°) might be viewed as the Shilov boundary of A + (T k ) (resp. A+(T°°)). As 
usual, we set N = {1, 2, . . .} and N ={0,1,2,...} = NU {0}. Recall that C e is 
the vertical half-plane IZes > 6. 

2 Boundedness and Compactness of Composition 
Operators : A + — ► A + 

2.1 General results 

We begin by sharpening Newman's result ((a) of the Introduction), under 
the form of the following (where it is assumed that <f> is non-constant) : 

Proposition 1 The composition operator : A + — > A + is compact if and only 
*/H0lloo = sup \<p(z)\ < 1. 

Proof. As will be apparent from the Proof of the next Proposition, : A + — > 
A + is compact if and only if ||0"||^+ — * as n — > oo. On the other hand, by the 
spectral radius formula, we have H^Hoo = hm \\4> n \\^+ = inf ||<£"||Y+ . That 

finishes the proof. 

Alternatively, we could have applied to f n (z) = z n a General Criterion of 
Shapiro [S/. u C<p is compact if and only if \\C^(f n )\\A+ — * for each sequence 
(fn)n in A + which is bounded in norm and converges uniformly to zero on 
compact subsets of D". □ 

We now turn to the study of composition operators : A + — > A + associated 
with an analytic function 0: Co — » Co- 
We first recall the following: 

Theorem 2 (JHEi Theorem 4])- Let <j>: Co — > C be an analytic function such 
that <E T> for k — 1, 2, ... . Then we have necessarily: 

4>(s) = cqs + tp(s), with Co € No and tp £ V. (3) 

We will therefore restrict ourselves, in the sequel, to symbols 4> of the form 
given by (JSJ) • To avoid trivialities, we will also assume once and for all that <j> is 
non-constant. 

Theorem 3 Let <fi : Co — > C be an analytic function of the form @ • Then : 

(a) (i) if C§ maps A + into itself then nT^ 6 A + and ||?i _ ^||.4+ ^ C, n = 
1,2,...; 
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(ii) conversely, if (n is bounded then <j> maps Co into Co and G$ 

is a bounded composition operator on A + . 

(b) (i) Ca,: A + — ► A + is compact if and only if ||_4+ — ► 0. Then 

n — >oc 

'/'(Co) C C<5 for some S > 0. 

(ii) Assume that (f)(s) = cqs + 53i c n n_s > l c «l < +oo- T/ien 

C'cj, is compact if and only if (j)(Co) C Cg for some S > 0. 

Proof, (a) (i) Suppose that C$ maps A + into itself. C^, is an algebra homo- 
morphism and A + is semi-simple, therefore (see [HI P- 263]) Cf, is continuous. 
Thus: 

IK*IU+ - \\c^{n- s )\\A + ^ \\C4 \W- S \\ A+ = \\C4 =: a 

(ii) Conversely, suppose that G A + and ||ji _ *||,4.+ ^ C, n — 1,2,.... 
We first see that, for s G C , we have: n^*^ = |n~^ s )| < ||n~ ||oo < 
II"- ^IU+ ^ C, whence 1Ze<fi(s) ^ — j-^" Letting n tend to infinity gives 
TZe(j)(s) ^ 0, and the open mapping Theorem gives TZe<j>(s) > 0, since <j) is not 
constant. If now f(s) = J2T a " n " e -A + , the series a> n n~^ s > is absolutely 
convergent in ^4 + , so that / o cf> G „4+, with ||/ o </>||_4+ ^ |an|||'i _ *||.A+ ^ 

czT KI = c|l/IU+. ' 

(6) (i) Suppose that C^: — > .A + is compact. Let / G be a cluster- 
point of n~^^ — Gp(n~ s ), and let (rifc)jfe be a sequence of integers such that 

IK* - /|U+ - 0. For fixed s G C , we have |n~ 0(s) - f(s)\ < ||r*- - /|U+. 
But % — * (since 7?.e 0(s) > 0, by part (a)), so that f(s) = 0. Hence / = 0. 
This implies |K*m+ -> 0. 

Now, since Hn"^^ < ||"~ IU+, we get ^-^^0) = Hn"^^ -> 0, and 
so inf 7?.e <A(s) > 0. 

s&Co 

Conversely, suppose that e n = \\n~^\\ji+ — » and set S n — sup k>n €k- Let 
T n : .4+ — > .4+ be the finite-rank operator defined by (T n f)(s) = J2k=i a-kk'^ 
if /( s ) = Sfeli a fe^~ s - We have: 

HQ/ - r n /m+ < ^ M||fc-*|U + *S S„ M < «n||/|U+, 

showing that WC,), — T n \\ ^ S n , and therefore that is compact. 
(«) For any u G A + , and for any real number r ^ 1, we have: 

\\r- v \\ A+ < r"-IU+ . ( 4 ) 

Indeed: 

DC , , v^, 

= exp(-ulogr) = ^ l " u fe G A + 

since u belongs to the algebra A + . Moreover: 

11^11^ <E^IHli + =rll^ 

k=0 
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(we may remark that when v(s) = Cjj " is a monomial, we have equality; in 
particular: \\n~ Cj i °\\a+ = n ' Cj ' f° r every positive integer ri). 

We shall use the following: 

Proposition 4 (see 'GHj) Let 9 and r be real numbers and suppose that <j) 
maps Cg into C T . Then, if cf>(s) = cqs + ip(s), and tp is not constant, tp maps 
Ce into C T -c e- 

Now, assume that tp is non-constant (since otherwise the result is trivial), 
and that e = inf lZe<fi(s) > 0. By Proposition 31 f maps Co into C £ . The 

spectral radius formula and Bohr's theory (as seen in the Introduction) give, 
with ip = 2-^: 

.Urn ||^||$ = sup \h(il>)\ = sup - 2" e ; 

3->+°° hespA+ s£Co 

and, in particular, ||2 _:,<f, ||^4+ — ► 0. Now, if n is any positive integer, let 

j = j(n) be the integer such that 2 3 ^ n < 2 3+1 , and set r = n2^, so that 
1 ^ r <2. By using <@}, we get: 

- IK1U+ = l|2-^r-^|U + < ||2-^|U+ ||r^|U + 
< ||2 -J >||^+rll*'IU+ < 112-^11^+2^11-4+. 

This shows that ||?i~m|.4+ — ► (more precisely, we have = O (n ) 

n — >oo 

for some S > 0), and so C<t> is compact, by part (b) (i) of the theorem. □ 
Remark. Using the notation of Theorem we have: 

ll»"*IL+ = 

and, in particular, the integer cq plays no role for the continuity or the com- 
pactness of the composition operator C$ on A + . This is quite amazing, since 
Co intervenes decisively in the study of composition operators on the Hilbert 
space H. 2 of the square-summable Dirichlet series (so much so that Gordon and 
Hedenmalm |OHj called it " characteristic") . 

oo 

Corollary 5 Let <fi(s) = cqs + Y c nn~ s . Then is bounded if IZeci ^ 

n=l 

oo oo 

Y \c n \, and is compact iflZeci > Y \ c n\- 

n=2 n=2 

Proof. Let tpo € A + be defined by tp [s) — Y^=2 CnTl ~ S ■ For eacn positive 
integer N, we have: = (N c °)- S N~ Cl N- 1 ? ^ , and so the inequality (gj 

with r = N gives: 

||iV _ ^|U+ = N~ KeCl \\N~ Vo \\ A + < N~ KeCl N^ Vo ^+ = N~ KeCl+ ^™=2 l c "l; 
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thus \\N *||^4+ is less than 1 in the first case, and tends to in the second case. 
Theorem ends the proof. □ 

Note that under the assumption of CorollaryEl C$: A + — > A + is actually a 
contraction: ||C</>|| ^ 1. 



2.2 Some specific examples 

One of the main differences between the study of composition operators on 
A + and those on A + (T) is the fact that the function z does not belong to A + . 
Therefore, it is not clear that if is a composition operator on A + , we must 
have J2 n l c «l < +°°- In some cases, it is however true. The next proposition 
contains a partial result of this type. 

Proposition 6 

(a) If 2 ^ qi < qi < ■ ■ ■ are multiplicatively independent integers and <j)(s) = 
cqs + c\ + Yl'jLi djqj s , then the boundedness of C^: A + — > A + implies 
Tleci ^ S^=2 Mil> an d ^ s compactness implies IZeci > X}j=2 Mil- 

(b) Let (Aj)j^i be a Sidon set of positive integers, r an integer ^ 2, and 
4>(s) — cqs + ip(s), where <p G T> and ip(s) = c\ + Yl'jL i djr~ XjS for Ties 
large. Then the boundedness of A + — > requires that Yl°jLi Mil < 
+oo. 

Recall (see [K]) that (Xj)j^i is a Sidon set if 

JV N 
, tGR ' T~ ^ 

for some finite positive constant Co. 

Proof, (a) Write <^o(s) = Sjli ^i*?/' 'i as m ^ ne proof of Corollary[^| For every 
integer n > 2, we have, for 7\Le s large enough: 

n -M = (n C0 )- s n- Cl exp ( - <p (s) logn) = (n c °)- s n- Cl ^ l ~ p (s) fe . 

fc=0 

Since C^ is assumed to be bounded on A + , we know that n _c ^ G A + , and so: 

OO OO 

_ ^a„jj _s , with ^2 \ a n,j\ < +oo. 
i=i i=i 

But the supports (spectra) of the </3p's do not intersect: in fact, the spectrum 
of only involves finite products Ylj Qj 3 j where ^2 a j = ^, an d these products 
are all distinct. In particular, for k — 1, (— logn)tpo(s) is part of the expansion 
of n"^ s \ which means that (— dj log n)j is a subsequence of {a n ,j)j- Therefore, 
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J2j \dj\ < +°° (and so tpo € A + ), and the series expansion of ifo(s) holds for 
every s € Co. 

Finally, since the logo's are rationally independent, Kronecker's Approximation 
Theorem implies that, for each a > 0, we have: 

oo 

inf TLeSia + it) = cncr + TZeci — > Iddq"' 7 - 
teR ^— ' 

i=i 

Since the left-hand side is ^ by the first part of Theorem we get IZe c\ > 
Sfci Mil) by letting cr go to zero. The compact case is similar. 

(b) We have (see |T7R] l: 



iv JV 

f 

re 



51 Pi C0S (V + Cj) < -* ^ ( 5 ) 



for some other constant 5 > 0, where the pj's (non-negative) and the (real) £j's 
are arbitrary. Without loss of generality, we can assume that r = 2. Fix an 
integer J ^ 1, and let £? : M — > K+ (see |Ka,tj . p. 165) be a non-negative Dirichlet 
polynomial (of the form J2ake l/3kt , (3k € K, € C) such that: 

S(0)=B(A i log2) = l, Uj<J (6) 

(recall that B(A) = lim ^ j T T B(t)er tXt dt). 

For large cr > 0, we have an absolutely convergent expansion: 



<p(a + i(t + r)) = ci +^d J 2-^ <T 2- A ^ t e -^ Tlog2 , 
so that, for TZe s large enough (say TZe s > cro > 0): 

I™ ^ / T ^ + l r)S(r)dr = c 1 +f;d J 2^ s S(A J log2). (7) 

3 = 1 

Actually, 10 holds for every s with positive real part a. To see this, set: 

r 

2T 



/v( - s ' ) = ^ l_ T <p(s + ir)B(T)dT. 



PropositionQJshows that 7£e <p(s-Hr) > for s S Co, and thus that TZe fr(s) > 
for s 6 Co. Moreover, fr as well as the right-hand side of 0, since B is a 
Dirichlet polynomial, are holomorphic in Co; hence a normal family argument 
gives the above statement. 

Therefore, if we take the real part of both members of 0, we get, for every 
cr > and teR: 

^eci+^2- A ^^e(d J 2- A ^*i?(A J log2)) = lim Tlef T (a + it) > 0. 
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Letting a tend to zero gives: 

Kea+Y^ K-e (dfi-^B^ log 2)) ^ 0, for any t G K. 

Taking the infimum on t and using (5J, we get: 

oc 

^eci -<J^|d,-| |B(A i log2)| > 
j'=i 

and therefore, using ||2J: 

J 

i=i 

It follows that Y^jLi \dj\ ^ jlZecx, and this ends the proof of Proposition 

E □ 

Remark. The above proof gives the following information about Dirichlet se- 
ries, which is actually not connected to composition operators: let ip a Dirichlet 
series which can be written as ip(s) = Ci+Xh3>i djr~ XjS , where is a Sidon 

sequence; if there is a (3 G M such that <p(Cq) C Cp, then Xw>i Mjl < +oo. 

However, in general, conditions like J2n^2 l c «l ^ 7^ ec i (resp. < TZeci) are 
not necessary to have boundedness or compactness of the composition operator 
C'cf, : A + — ► A + (with 4>{s) = cos + c\ + J2n^2 c nn~ s ), as shown by the following 
examples. 

Proposition 7 Let cj>(s) = cqs + c\ + c r r~ s + c r 2r~ 2s , where r ^ 2 and c r , c r 2 
are > 0. Then: 



(a) If we have 



(c ) 2 

Keci>^-+c r 2, (8) 

OC r 2 



C$ : A + — > A + is bounded and even compact. 

(b) Conversely, if C$: A + — » .4 + is bounded, and moreover c r ^ 4c r 2, we 
mMsi /iai>e 

fc ) 2 

^eci ^ ^+c r 2. (9) 
8c r 2 

in /aci, we mMsi have 0) whenever is compact. 

(c) If 

Tie a = +c r 2, (10) 

OC r 2 

i/ien : .4+ — * -4 + is bounded if and only if c r ^ Ac r 2 . 
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Proof, (a) and (b) follow immediately from Theorem since (jHJ implies 

TZe4>(s) > colZes + 5 ^? 6 for every s € Co, with S — lZec\ — [ ^ + c r a] , 
and, under the assumption that c r ^ 4c r 2, the converse is true. □ 

However, we shall give another proof, because we think that it brings some 
additional informations. 

Second proof. 

(a) Without loss of generality, we may and shall assume that r — 2. We will 
make use (see [L, p. 60]) of the Hermite polynomials Hq, Hi, . . . defined by: 

H k (X) = (-ljV"^ ( e ~ A2 ) = (2A) fc + terms of lower degree. (11) 
The exponential generating function of the H^s is: 

g H£± xk = ^ _ ^ (12) 



fc=U 

Following Indritz jjj, we have the sharp estimate 

\H k (X)\ < (2 fc fc!) 1 / 2 e A2/2 , (13) 

for each k £ No and each A € R. The estimate ltl3)l implies the following: 

Lemma 8 Let X be a real number, and x be a non-negative real number. Then 
we have: 

E l - E 4r [ * k < C(l + x) 1/2 exp U + y) (14) 

fe=0 ' ^ ' 

where C is a positive constant. 

Proof of the Lemma. 11 oil implies that: 

|g fc (A)| , (xV2) k A , /2 

^ k\ % L> (k\W 2 

k=Q k=0 y ' 

We now make use of the classical estimate (see e.g. Dieudonne [Dj p. 195]): 
^(T!V ~ ^(27r) i ^ £ 2 /Vexp( ro 1/p ) as y -> oo (p > fixed) . (15) 

Using the above, with P = \ and y = x\/2, we obtain for some constant C : 

y\Jh^)[ xk<Ce ^ /2{1 + x) y2 eX ^ 
^— ' fc! 

k=0 
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proving the Lemma. □ 

Note that, if we wish to avoid the use of itTfil) . we can easily obtain the 
slightly weaker estimate: 

£ ^TT^ 8 * < C 'a ex P ( axl + y) ' for each a>1 - ( 16 ) 
fe=0 ' ^ ' 

Indeed, we have by the Cauchy-Schwarz inequality and by l(T3j) : 

y \H k (\)\ k |g fc (A)| (2a)^x k 

2^ k \ 2^ (fc!)i/2( 2a )fc/2 (fc|)i/2 



is^J Ifro fc! ; 

1/2 



= (l-a-^-^cxp^ + y 

We now finish the proof of Proposition First, we notice that: 

n-tW = {n C0 )- s n- Cl exp (-c 2 2~ s logn - c 4 4~ s logn) . 
We then set: 



x n = ^c 4 \ogn, \ n = -——y/\ogn, x = 2 s x n , (17) 
which allows us to write n~^ s ^ under the form: 



oc 



„ M = („«=□)-«„-"! exp (2\ n x ~ x 2 ) = (n c «)- s n- Cl £ ^^^(2*)-* 



This implies that we have the equality: 



I" HU^n-^E^F^**- (18) 

k=Q 



If we now use Lemma |H| and change C (if necessary), we get for n ^ 2 

||n-*|| x+ < Cn- Ke C1 (logn) 1 / 4 exp {x 2 n +^) 

c 2 

= C(logn) 1 /*n-' Reci n"£ +0 * =: e n . 
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By 0, we have e n — * 0, implying that : A + — > .4+ is compact as a conse- 
quence of Theorem 

f&J The identities l(T8j) and 1(12)) imply that we have, for each real 6, 



n neCl \\n-*\\ A+ 



E 

fc=0 



ike 

k\ n 



|exp (2\ Ti 



2 2i6 



= exp (2A„x„ cos — cos 20) . 
Setting t — cos 0, we see that 

2\ n x n cos 8 - x 2 n cos 29 = 2X n x n t - x 2 n (2t 2 - 1) 

is maximum for t = j^- = =Q , and this t will be admissible if 
c 2 ^ 4c4 (recall that 02,04 are positive). For this value of t, we get: 



4C4 



^ 1, i.e. if 



\\n-^\\ A+ ^n- Kecl + ^ +c \ n=l,2, 



C 2 < 4C4. 



(19) 



Now, if C,* is bounded, 



J <t> 



.4+ is bounded from above, and l|19ll implies that 



C4. If Ccj, is compact, \\n ^\\ A i 



c 4 . 



and 1(19)1 implies that 

□ 



Remark. Condition |JHJ is a more general sufficient condition for the bounded- 
ness of Cc/, than the "trivial" sufficient condition IZea > |ca| + |c 4 | of Corollary 
if and only if c r < 8c r 2 . This might be due to the highly oscillatory character 
of the Hermite polynomials Hk(X), involving a term cos (V2fc + 1A — fc^) (see 
|Ll p. 67]), which we ignore when we majorize \Hk(X)\ as in l)13ll . 

End of proof of Proposition [3 (c) We still assume that r = 2. First, if 
c 2 > 4c4, then l)lO)) implies that 4>(Co) C C5 for some (5 > 0, and we are done. 
So, we assume that c 2 < 4c 4 . We have: 



|(2* 



\2-»u + = \\(2-<*-* r '-°**-y\\ A+ 

I ( exp[(- Cl - c 2 2- s - c 4 4- s ) log 2]) 3 



\A+ 



\^\\a+(T), 



with 



ip(z) = exp ( — (ci + c 2 z + C4Z 2 ) log 2) . 



We then apply Newman's result (quoted as (a) in the Introduction: see |Ne| ) to 
check whether the sequence (\\ip- 1 \\A+(T))j ls bounded. Let 9q € [0,27r[ be such 
that I -0 (e* 6 * ) I = 1. We look for the coefficient of t 2 in the Taylor expansion of: 

\ogTjj(e l8o+lt ) = -( Cl + c 2 e ie °e tt + c 4 e 2l0 °e 2lt ) log 2. 

This term is: 



(fe^+2c 4 e 2 ^)log2, 
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and its real part is: 

cos 6»o + 2c 4 (2cos 2 9 - 1)) log 2. (20) 

Now, remark that the condition \ifj(e ie °)\ = 1 means that: 

IZeci = — C2 cos 6o — C4(2cos 2 9o — 1), 

which gives, using l(Tf))) . (4c4cos#o + C2) 2 = 0, that is cos#o = — 5^" Hence l(20l) 
is equal to if and only if C2 = 4c4. 

But in this case, #0 = 7r, and Taylor's expansion becomes: 

logV'(e i(eo+t) ) = d x + d 2 t + O.t 2 + i\og2^t 3 + ■■■ 

Hence, in Newman's terminology (see |Ne| . and see (a) in the Introduction), 
the point e l0 ° is not an ordinary point, and so the sequence (||V'" , |U+(T))j is not 
bounded. It follows that the sequence (||2 _:, ^||_4+)j is not bounded either. 

In the case C2 < 4c4, the point e l6 ° is ordinary, and so (||2 _J ^m+)j is 
bounded. Since J2 n l c «l = l c il + \ c ?\ + \ C/ t\ < the argument used in the 

proof in Theorem (b) (ii) gives the boundedness of G^. □ 

Remark. Part (c) of Proposition shows that, if 1Zec\ = + c r i and 

c r = 4c r 2 (so IZe c\ = 3c 4 , and tjj(s) — ia + c(3 + 4 • 2~ s + 4~ s ), with aGl and 
c > 0), then C<f, is not bounded on A + , though 4>(Co) C Co (and J2 n \°n\ < +°°)- 

3 Automorphisms of A+(T k ), A + (T°°), A + 

In this section, we will make repeated use of the following Lemma (see (b) 
of the Introduction): 

J 

Lemma 9 Let 4>(z) — LJ e j \J^- Z 1 where = 1 and a 3 - € D. Suppose that 

3=1 

ll^ n |U+ remains bounded (n = 1,2, . . .). Then, dj = for each j . 

Proof. This Lemma is well-known (see |Nej or [K]). For example, if a 3 ^ for 
some j, we have 4>{e lt ) — e l9 ^ l \ where g is a C 2 , real, non affine function; and 
the Van der Corput inequalities show that we even have: ||</> ra |U+ ^ Sy/n. □ 

Since |^(e i4 )| = 1, Lemma El can be viewed as a special case of the following 
Lemma (which will be needed only in Section 4, but which we state here because 
it is the natural extension of Lemma EJ, due to Beurling and Helson, and this 
Lemma is itself a special case of Cohen's Theorem (fij. We shall use the following 
definition: 

Let G be a discrete abelian group, and T be its (compact) dual group; the 
Wiener algebra A(T) is the set of functions / : T — > C which can be written as 
an absolutely convergent series f(j) = a n (x n , 7), with the norm ||/||,4.(r) = 
l a "l> an d where (271,7) denotes the action of 7 € T on the element x n of 
G. We are now ready to state: 
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Lemma 10 (Beurling-Helson). Let G be a discrete abelian group, with con- 
nected dual group T. Let 4> S A(T), which does not vanish on T, and such that 
H0 n |U(r) ^ C for some constant C (n — 0,±1,±2, . . .). Then, <fi is affine, i.e. 
there exist a complex number a with \a\ = 1 and an element x of G such that 
(/>(7) = a(x,j) for any 7 € T. 

Let us now consider the Wiener algebra A + (T' C ) in k variables, i.e. the 
algebra of functions / : B — > C which can be written as: 

f( z )= ^2 a(ni,...,n fe )z" 1 ...z^ fe , z = (zi, . . . , z k ), 

ni,...,n fc ^0 

with the norm 1 1 /| 1^+ (T fc) = \a(nx, ... ,n k )\ < +00. 

m,...,nfc>0 

If ^ = (</>i, . . . , <f>k) ■ B fe — > C fc is an analytic function, the composition 
operator will be bounded on A + (T k ) if and only if (the proof is the same as 
in Newman's case k = 1): 

110; IU+(t*) < C j = l,..., k, and n = 0,l,2,.... (21) 
Then, since ||0i||oo = lim ||0?|| Yj^tM! we see that necessarily maps B fe 

k 

into D . We can now state: 

Theorem 11 Assume that the map 0: B fe — > D induces a bounded operator 
Ctj,: A+(T k ) -> A+(T k ). Then C is an automorphism of A+(T k ) if and only 
if 4>(z) = (eiz CT (i), . . . , £kz a (k)) for some permutation a of {1, . . . , k} and some 
complex signs ei, . . . ,e k . 

Proof. The sufficient condition is trivial. For the necessary one, we first ob- 
serve that, for j = 1, . . . , k, 4>j € A + (T k ), since <j>j — C^izj); hence can be 

k & 

continuously extended to a continuous map, still denoted by 0, from D to B . 
We are going to show that this map is bijective. 

Assume first that a, b e B and that <j){a) = <j){b). Let / € A + (T k ); since C<f, is 
bijective we can find g € A + (T k ) such that / — go (j), so that /(a) = f(b). Since 

A + (T k ) obviously separates the points of B , we have a = b. In particular, 
is injective on D k and by Osgood's Theorem (see |Na,| l det(0'(z)) ^ for each 
zeD', implying that is an open mapping on B fc . Therefore, 0(B fc ) C B fe . 

Now, let u € B . Define an element L of the spectrum of A + (T k ) by L(/) = g(u) 

if / = g o 0. Since the spectrum of A + (T ) is clearly B , we can find a S B 

such that £(/) = /(a), so that 5(0(0)) = g(u) for any 5 G A + (T k ), implying 

k 

u = 0(a). is therefore a homeomorphism : B — > B . 

Since 0(B~ fe ) = 1* and 0(B fe ) C B fe , we get 0(B fc ) = D k . In particular, 
£ Aut B fe , the group of analytic automorphisms of B fe . 

Recall that ((Naj): 



14 



Lemma 12 The analytic map <j>: D fe — > D fc belongs to Aut D fc «/ and onft/ j/ 

v / z a(l) - a l z a(k)~ a k 



1 - ai2 CT (!) 1 - a k z a (k) 

for some permutation a of {1, ... , k}, for some {a\, . . . , at) € B fc and some 
complex signs ei, . . . , efc. 

We therefore see that </>, (z) = e, . 3 , so that for each n G N, we have 

1 — a 3 Z cr(j) ' ' 



of J2IJ: 

Z <r(j) 



.1+ 



a 3 z <y(j) 



^ c. 

A+(T k ) 



Lemmaininow implies that Uj = 0, j = 1, . . . , fc, so that <£j(z) = ejZ a ^, and 
this ends the Proof of Theorem El D 

We now consider the Wiener algebra A + (T°°) in countably many variables. 
It will be convenient to consider holomorphic functions on the open unit ball 
B = D°° n co of the Banach space co of sequences z — (z n ) n ^i tending to zero 
at infinity, with its natural norm \\z\\ = sup„^ 1 \z n \. We then have the following 
extension of Cartan's Lemma^lto the case of B, which is due to Harris ( Ha ): 

Lemma 13 (Analytic Banach-Stone Theorem). The analytic automor- 
phisms 4>:B^B are exactly the maps of the form 4> = ($j)j>i> w iih 4>ji, z ') — 
cj y-ttz ° J ) ' f or some permutation a of N, some point a = (cij)j^i G B, and 
some sequence (cj)j^i of complex signs. 

Recall that the linear Banach-Stone Theorem states : if L: c — * c is a 
surjective isometry fixing the origin, then L has the form: 

L(zi, ■ ■ ■ , z n , . . .) = (eiz CT(1 ), . . . , e„z ff („), . . .). 

If we want to exploit Lemma EH for describing the composition automor- 
phisms of A + (T co ), we have to make an extra- assumption (perhaps unnec- 
essary), the reason for which is the following: if is an automorphism of 
A + (T°°), then <f> is an automorphism of D°°, but there is no reason, a priori, 
why 4> should be an automorphism of B. 

Theorem 14 Let <j> = {4>j)j'- B — > B be an analytic map such that C<j, maps 
A+(T°°) into itself. Then : 

(a) If 4>{z) — (ejZ a (j))j^i for some permutation a of N and some sequence 

of complex signs, then is an automorphism of A + (T co ), and it 
is isometric. 

(b) If Cfi is an automorphism of A + (T°°) and if we moreover assume that 
4>k(z) = z k ku k{ z ); with dk 1 and ttfc(0) ^ 0, for each k € N and each 
z 6 B, then 4>{z) = (ejZj)j-^i for some sequence (ej)j^i of complex signs. 
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Proof, (a) is trivial. For (b), consider the compact set K — D , endowed with 
the product topology (K is nothing but the spectrum of A + (T°°)); clearly, B is 
dense in K, and since <j>j — C$(zj) £ A + (T°°), ■ : B — > D extends continuously 
to K, and <j) — (4>j)j extends continuously to a map, still denoted by <f>, from K 
to K, and we still can write, for every k G N, 0fc(z) = z k k Uk{z) for each z e K. 
Exactly as in the Proof of Theorem^] we can show that is bijective, since K 
is the spectrum of A + (T°°). Let now tp: K — > if be the inverse map of </>. Since 
-ftT is compact, ip is continuous on if, and so on B; it is then easy to see, as 
usual, that i\> is holomorphic in B (alternatively, tpk = {C t j,)^ 1 (zk) € A + (T°°), 
and so is analytic in D°°, and it is clear that i\> — (ipk)k)- 

Now, it suffices to show that ip maps B into B; indeed, it will follow that 4> 
maps B onto B, and so the map <fi will appear as an analytic automorphism of B 
(since we already know that ip = <t> is analytic in B), and LemmalTslshows that 
4>j{z) has the form 6j f==^ ■ Now, ||<£" |U+(T<*>) = ll^(z™)IU+(T») < \\C^\\, 
and as in the Proof of Theorem ^] we shall conclude that cij = for each j. 
Finally, the assumption <f>k(z) — z k k Uk(z) for each k will imply that a is the 
identity map. 

So we have to show that ip(B) C B. If it were not the case, it would exist 
an element w — (wj)j <E B such that tp(w) £ B. Hence there would exist S > 
and an infinite subset JCN such that 

\ipj(w)\ > S for every j £ J. (22) 

Let 8' = <ty||CV||. 

Since w € B, we should find an integer N ^ 1 such that 

n ^ N =*> |w„|^(5'. 

Let k = maxi^n^Af \w n \. Since n < 1, there would exist p > 1 such that k p < 5'. 
Consider the finite set: 

F = {a = {nil, ■ ■ ■ , m N ,0 7 . . .) ; mi + • • • + mjy ^ p}. 

We assert that: 

F intersects the spectrum of ipj for every j S J. (23) 

Indeed, writing: 
we have: 

• if a = (m, . ..,ni,. . .) with i > iV and n; 7^ 0, then ^ 6', and so: 
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• if n\ + • • • un ^ P, then: 

K 1 • • • w n N N | < <c k p < <?'. 

Hence, in both cases, a ^ F implies | w Q | < 5' . Therefore, if F does not intersect 
the spectrum of ipj, we get: 

l^-HI < Yl l a »l l wQ l < ^IIV-ilU+cToo) < 6'\\c^\\ = 5 

a<£F 

(since ||^j|U+(T°°) = I|Cv'( z j)IU+(t~) < \\Cy\\ ||^-|U+(T>») = l|CV||), which con- 
tradicts 

To end the proof, remark now that the assumption 4>k{z) = z^ k Uk(z) for 
every fe € N implies that: 

z k = (j) k [yj{z)] = [^ k {z)] dk u k {^{z)\. 

But this is impossible, since J is infinite and, for k e J, ^fc(z) depends on 
(zi, . . . , zn), and hence <f>k [V , (- Z )l = [V'fc(- 2: )] dfcM fc[V'( 2: )] also (since d k ^ \ and 
itfc(O) / 0). 

That ends the proof of Theorem El D 

Remark. We shall see later, in Section 4, Theorem|21 that the converse of (a) 
in Theorem El is true. 

Although Theorem El is not completely satisfactory, it will be sufficient for 
characterizing the composition automorphisms of the Wiener-Dirichlet algebra 
A + . In fact, we have: 

Theorem 15 Let C^: A + — > A + be a composition operator. Then C<j, is an 
automorphism of A + if and only if cj) is a vertical translation: </>(s) = s + it, 
where t is a real number. 

Note that a similar result was obtained by F. Bayart |B1| for the Hilbert 
space 7i 2 of square-summable Dirichlet series f(s) = a n n~ s such that 
Si l°n| 2 < +oo, but his proof does not seem to extend to our setting, and 
our strategy for proving Theorem El will be to deduce it from Theorem El 
with the help of the transfer operator A mentioned in the Introduction. The 
following Lemma (with the notation used in the Introduction) allows the transfer 
from composition operators on A + to composition operators on A + (T oa ). 

Lemma 16 Suppose that : A + — > A + is a composition operator, with <j>(s) = 
c s + ip(s), c e N , ^ E V. Let T = AC^A" 1 : A+(T°°) -> A+(T°°). Then: 

(a) T — Ci, where 4>: E5°° is an analytic map such that <j>(z^) = z^ s ", 
for any s G Co. 

(b) If moreover Co ^ 1 (which is the case if is surjective), 4> maps B into 
B. 
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Proof, (a) Define f k (s) = p k 0(s) e A+ , (f> k = Af k and 

4>= (0i,02,...)- (24) 

We have 

0>W) = (A/ fc («M)) fc>1 - (A(fl)) fc> i - z [0(s)1 

by (U, and ||^fc||oo = II/* Hoc ^ 1 by IpJ. Moreover, no <fi k is constant, so the 
open mapping theorem implies that |0fc(z)| < 1 for z G B, i.e. <j>(z) £ H5 00 . 
Finally, if f(z) = £^=1 a™^ 1 ■ ■ ■ ^ r € A+(T°°) (where n = p" 1 . ,.p? r is the 
decomposition in prime factors) , we have the following "diagram": 

oo oo oo 

n— 1 ri— 1 ri— 1 

i.e. T(f) = C^f). 

(b) First observe that C v also maps A + into A + (see the remark before 

Corollary . Secondly, we have fk(s) — Pk° oS Pk ^ = P k C " S 9k(s), with g k € 
A + and ||g fc |U+ = \\C ip (p^ s )\\ A + ^ C. It follows that, for z € B : A/ fc (z) = 
Zj°Ajt(z), and via JSj that: 

|A/ fc («)| < Izfcl^llAgfeHoo = I^I^H^IU < \z k \ Ca \\g k \\ A+ < CM C °. 

Since Co ^ 1, we see that Af k (z) — > as A; — > oo, i.e. 0(z) 6 B. Finally, 
whenever is surjective, : Co — ► Co is injective: indeed, A + separates 
the points of Co (2~ a = 2~ b and 3~ a = 3~ b imply a = b, since log 2/ log 3 is 
irrational), and we can argue as in Theorem II II 

To end the proof of Lemma ITfil it remains to remark that if Co = 0, is 
never injective on Co, according to well-known results on the theory of analytic, 
almost-periodic functions (see e.g. Favard |Fal p. 13]). Therefore, we have 
Co ^ 1 if Cfj, is surjective. □ 

Proof of Theorem 1151 The sufficient condition is trivial. Conversely, if 
Cij, is an automorphism of A + , let = AC,/, A" 1 , as in Lemma El Since 
Cff, is surjective, we know from Lemma El that 4> maps B into B; we can 
apply Theorem El because is an automorphism of A + (T°°) onto itself and 
moreover 4> k (z) = Af k (z) = z k " Ag k (z), with cq ^ 1 (by Lemma ITTTI againl and 

Ag k (0) = lim g k (s) = lim p^ (s) = p^ jt 0. 

l-i.es — >+oc Ke s — >+oo 

We conclude that: 

cj>(z) = (exZi,...,e n z n ,...), (25) 
for some sequence of signs (e n )„, where z = (z\, . . . , z n , . . .). 
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If we now test this equality at the points z^ s ' = (pj s )j, s € Co, and use QJ, 
we see that 

pJ* W =ejPj', seC Q , j € N. (26) 

Taking the moduli in (J2HJ, we get He (j>(s) = IZe s. Since 0(s) — s is analytic on 
the domain Co, this implies </>(s) — s = ir, with rel, thus ending the Proof of 
Theorem [TJ □ 



4 Isometries of ^+(T fc ), A + (T°°),.4+ 

In this section, we shall characterize the composition operators which are 
isometric on ^4 + (T fc ) and then those which are isometric on A + (T°°) (under 
an additional assumption) and on A + . If f(z) = J2 a aZ a <E A + (T k ), it will be 
convenient to note a a = f(a). The spectrum of / (denoted by Spf) is the set of 

a's such that f(a) ^ 0. e will denote the point (1, . . . , 1) of D . An elaboration 
of the method of Harzallah |K] allows us to show: 

Theorem 17 Assume that 4> — {4>j)j : O k — > D , induces a composition oper- 
ator Cp: A+{T k ) -> A+(T fe ). T/ien C : A+(T fe ) -> A+(T fe ) is an isometry if 
and only if there exists a square matrix A — (a>ij)i4.i,j^k> w ith a %j G No and 
detA ^ 0, and complex signs ei, . . . , efe sttc/i ifiai: 

0<(«) =e i ^ il ...z^«, 1 ^ i s= A;, z = (zi, . . . , z k ) e O fe . (27) 

To prove this theorem, it will be convenient to use the following two Lemmas. 

Lemma 18 C$ is an isometry if and only if: 

(a) 4>i = CiFi, 1 ^ i ^ k, where e,; is a complex sign, Fi ^ 0, and Fi{e) = 
Halloo = 1; 

(b) if a, a' £ PJ§ are distinct, the spectra of 4> a and cj) a are disjoint. 

Proof. Suppose that (a) and (b) hold, and let f{z) = £/(a)z a e A+(T k ). 
We have by (b): 

nc /iu +(Tfe) = y, ii0 a iu+cr*) = E ii^Ha+ct*), 

since, with the obvious notation, <j) a — e a F a . Since F a > 0, we have, using 
(a): 

\\F a \\ A+m =F<*(e) = l, 

so that: 

||<WIU+(t») = E \}{a)\ = II/IU+ct*)- 
Conversely, suppose that is an isometry. For each i£ [1, k] and each n 6 
N, we have ||CIU+(T*) = IN"IU+(t*) = 1, whence ||0j||oo = lim ||0?||Y+/ T k) = 
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1, by the spectral radius formula. Since ||</>j||oo ^ ||0i|U+(T fc ) — 1) the only 
possibility is that fa = e^Fi, with |e,;| = 1, Fi ^ 0, and ||^|U+(T fc ) = 1 = 
ll^i||A+(T fc ) = Fi{e). Therefore, (a) holds. Now suppose that we can find a ^ a' 
such that Sp fa* n Sp <j) a contains an element /3q € N§, and set p = Q (/3o), p' = 
fa^'iPo)- Without loss of generality, we may assume that |p| ^ \p'\. Let be a 
complex sign such that |p+#p'| = \p\ — \p'\, Then, we have \\z a +8z a \\A+n k ) = 2, 
whereas 

||C7 (z a + 0z Q ')|| A+(Tfc) = U a + 0r'\\A +{ T*) 

= E \^(P) + 0p([3)\ + \p + 6p'\ 

^ E E iPwi + m-m 

= l-H + l-|p'| + H-|p'| = 2(l-|p'|)<2, 

contradicting the isometric character of C^. □ 

Lemma 19 If 4> = {4>i)i and if one of the fa 's is not a monomial, then we can 
find a pair of distinct elements a, a' € Nq such that the spectra of fa* and 4> a 
intersect. 

Proof. To avoid awkward notation, we will assume that k — 3, but it will be 
clear that the reasoning works for any value of k. Since only the spectra of the 
fa's are involved, we can assume without loss of generality that we have: 

fa(z) = zl 1 z s 2 2 z^ 3 + zl 1 z\ 2 zf , with (si,s 2 ,s 3 ) ^ (ti,t 2 ,t 3 ), 
fa(z) = z^z^z^ 3 , 
fa(z) = z^z^zl 3 

(in short, fa(z) = z s + z*; fa(z) = z"; fa(z) = z v ). 

If a = (a, b, c), the spectrum of 4> a — (z s + z t ) a z bu z cv consists of the triples 

psj + (a — p)tj + buj + cvj — p(sj —tj) + atj + buj + cvj, 

with j = 1, 2, 3 and ^ p ^ a. Therefore, if a' = (a', b', c'), the spectra of <fi a 
and (j) a will intersect if and only if we can find < p ^ a and ^ p' ^ a' such 
that: 

p{sj — tj) + atj + buj + cvj = p'(sj — tj) + a'tj + b'uj + c'tij, j = 1, 2, 3, 
or equivalently: 

(p-p')(s J --ti) + (a-a / )tj + (6-6'K = (c'-cK- ) j= 1,2,3. (28) 

In l|28|) . we can drop the conditions p ^ a, p' ^ a! , since we can always replace 
a and a' by a + N and a' + N, where N is a large integer, without affecting the 
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result. Now, let M be the matrix: 



M 



si — ti t\ u\ 
s 2 - t 2 t 2 u 2 
S3 - h t 3 u 3 



To solve equation ffify . we distinguish two cases. 

Case 1 : detM = 0. 

We decide then to take c' = c. Since the field Q of rational numbers is the 
quotient field of Z, we can find A,/i,v€ Z, not all zero, such that: 

X(sj — tj) + fitj + vuj = 0, j = 1, 2, 3. 

If p and f are both zero, then A = 0, since Sj — tj^O for some j. Therefore, we 
may assume for example that p 7^ 0, and write X = p — p' , p = a — a' , v = b — b' , 
with a = (a, b, c) € Nq, a' = (a',b',d) e Nq, and a ^ a' since a 7^ a'. By 
construction, we have so that the spectra of 4> a and Q are not disjoint. 
Case 2 : det M ^ 0. 

We can then find rational numbers q, r, s such that: 

<l( s j - *i) + rt j + SU j = W J> i = !> 2 : 3 > 

and we can write q=jf,r=jr,s = &, where A, p, v <E Z and where TV is a 
positive integer. Therefore, we have: 

X(sj — tj) + fitj + vuj = Ntij, 1 < j < 3, 

and writing A = p — p' , p = a — a' , v = b — 6', c = 0, c' = N, we get Q28I1 with 
distinct triples a = (a, b, c) and a' = (a',b',d) of non-negative integers. Once 
again, the spectra of (jf and are not disjoint. □ 

Proof of Theorem 1171 If the condition holds, C<j, is an isometry by Lemma 

EU 

Conversely, suppose that is an isometry. Then, by Lemma lTsl the spectra 
of 4> a and 4> a are disjoint if a ^ a', and by Lemma IT^I each is a monomial, 
necessarily of the form Q27I1 by (a) of Lemma^l Finally, if we denote by A the 
square matrix (a^), by A* — (a^) its adjoint matrix, and if we let A, A* act 
on Z fc by the formulas: 



A{a)=0, A*(a)=j, (29) 

= Si=i a u a M we st 
C (z a ) =<j) a =e a z A ' {a) . (30) 



with /3j = ^2j—i a-ijOLj and 7^ = 5Z i=1 aijCti, we see that: 



In fact, 



w)=nc=n^(n#o ai=eQ n 
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Now, by Lemma IT%1 the <fi a, s have disjoint spectra, so that the A*(a)'s are 
distinct, implying det A ^ 0. □ 

If we now turn to the case of A + (T oa ), Lemma IT%1 clearly still holds, but 
LemmaEH n ° longer holds : for example, if I\, ...,/„,.. . are disjoint subsets of 
N, Cij positive numbers such that c ij = 1) * = 1)2,... and if the map <j> is 

defined by: 

4> = (fa)i, where fa(z) = 2J CijZj, (31) 

then is an isometry by LemmaEland yet no fa is a monomial if each /, has 
more than one element. We have however a weaker result: 

Theorem 20 Let fa: ID — > D be a map inducing a composition operator 
C* : A+(T°°) -» A+(T°°), and such that moreover faT°°) C T°°. Then: 

(a) There exists a matrix A = [cLij)i,j^.i, with G No and Ylj a ij <• 00 / or 
eac/i i, and complex signs smc/i £/ia£ = (</>i)i and 

oo 

fa(z) = e l \\z a ^ 1 i = l,2,... (32) 

i=i 

fbj is an isometry if and only if A* — (%,•), acting on Z^ 00 ) as m «s 
injective. 

Proof, faj If we apply LemmallOlto the (connected) group T = T°° and its dual 
G = we see that for each i e N there exists Li — (aa,a,i2, ■ . .) G Z(°°\ 

necessarily in Nq , and a complex sign a such that, for each z £ T°°, we have: 

fa(z) = €i < Li, Z > = €i Y[ 

j 

(note that, for n € N, setting C = \\C^,\\, we have 

||0?IU+(T°°) = l|C0( z r)IU+(T~) < Cj 
and also, since |0j(e lt )| = 1 : 

n^ r ™iu+(T~) = \\fa iu+(t~) = ii^?m+(T«>) ^ c)- 

This proves 1(32)1 . 

(b) We know from l(30)l (which clearly still holds for k = oo) that fa 1 = 
e a z A ( Q ), and we know from LemmallSlthat C$ is an isometry if and only if the 
spectra of the (j) a, s are disjoint. This gives the result. □ 

We shall prove here the announced converse of part (a) of Theorem ITU 
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Theorem 21 Let cf> — {4>j)j : B — > £? 6e an analytic function which induces a 
composition operator C$ on A + (T°°). if is an isometric automorphism of 
A + (T°°), then 4>{z) — (ejZ C r(j'))j, f or some permutation aofN and some some 
sequence (tj)j^i of complex signs. 

Proof. It suffices to look at the proof of Theorem^] (b): as in that proof, and 
with the same notation, it suffices to show that "0(B) C B; but if it is not the 
case, it follows from p3]). since the set J is infinite, that there exist at least two 
distinct integers ji,j2 G J such that the spectra of 4>j 1 and 4>j 2 are not disjoint. 
By Lemma IT%1 this contradicts the isometric nature of C<j,. □ 

Remark. It is easy to see that the composition operator on A + (T°°) given 
by (1311) does not correspond in general toaCf A + — > A + . 
For example, if 

M*) = X *~ 1 2 Zai > i= 1,2,..., (33) 
the equation 0(z' s ') = would give: 

P2/-1 + ?W _ -00) . _ , 2 

2 — -Fi ' ) )**■) 

taking equivalents of both members as s — + oo would give that 

<ft(s) logp 2 i-i 

S s^+oo logPi ' 

and it is impossible to have that, even for one i, since — > Co G No ! 

On the other hand, the additional assumption made in Theorem 1201 does 
not allow to use the Bohr's transfer operator A to characterize the isometric 
composition operators on A + . Nevertheless, we have: 

Theorem 22 Let<p: Co — > Co inducing a composition operator C^,: A + — > .4 + . 
TTien «'s an isometry if and only if 4>(s) = cqs + it, with cq G N and teI. 

Proof. One direction is trivial. For the other, let us introduce the following 
notation: if f(s) = J2kLi a kk~ s 6 A + , denote by Sp/ (the spectrum of /) the 
set of indices k such that au ^ 0. Now, the technique of the proof of Lemma Il8l 
clearly works to show that: 

If m and n are distinct integers, the spectra of mT^ and are disjoint 

(34) 

This automatically implies cq ^ 0, since, otherwise, the integer 1 would belong 
to the spectra of all the n _< ^"s. Suppose now that (j> is not of the form cqs + c±, 
and write: 

<j>(s) = c os + ci + u(s), 
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with: 

u(s) = c r r' s + c r+1 (r + l)~ s H , r > 2, c r ^ 0. 



Then: 



(n c °) s n Cl exp ( - w(s) logn 



) 



oo 



(— logn) fc 
fe! 




(c( S )) fe ' 



OO 



(-logn) 
fe! 



fe 




For 7£es large enough, all the series involved will be absolutely convergent; 
therefore the Dirichlet series of will be obtained by expanding (c r r~ s + - ■ ■ ) k 
and grouping terms. In particular, the coefficient A„ of n c °r c ° in can be 
obtained only by expanding (c r r~ s + • • ■ ) k for fe = 1, ...,Co, so that A„ = 
P(logn), where P is a non-zero polynomial. This implies that, for large n, 
A„ 7^ 0, and (nr) c ° £ Spn~^. Moreover, it is clear that l c ° € Spl~^ for 
every positive integer I. Hence (nr) c ° £ Spn~^ n Sp{nr)~^ for large n, which 
contradicts l|34Tl . 

Therefore 0(s) = cqs + ci, and c\ clearly has to be purely imaginary if C$ 
is an isometry. □ 



5 Concluding remarks and questions 

Proposition does not answer, in general, the natural question : if maps 
A + into A + , is it true that <j>(s) = c s + J2T c n n ~ s , with J2^° |c„| < oo ? 

Proposition0does not apply to the case of complex coefficients c r , c r i . Here, 
recent estimates due to Rusev [RuJ might help. 

The estimate ||</>™m+ 5^ Sy/n of Lemma El is best possible. In fact (see [Kj 
p. 76]) it is fairly easy to see that ^ C\fn if <j> = e lg and g is C°° (say), 

and a similar computation in dimension fe {i.e. if we work with A + (T k )) easily 
gives the estimate ||0"|U+(T fc ) ^ Cfcn fe / 2 if cj) — e lg and g is C°°. It would be 
interesting to know whether the converse holds, i.e. if we have the following 
quantitative version of Lemma El : if 4> = e 19 , where g is a C°°, non-affine, real 
function, then ||</> Tl |U+ > Snl/2 ? 

In the proof of Theorem El we used the fact that an analytic, almost- 
periodic, function defined on a vertical half-plane is never injective, to show 
that Co > 0, and therefore that the assumption (b) in Theorem ITU naturally 
holds. This raises two questions: 

a) Can an almost-periodic function defined only on a vertical line be injec- 
tive? i.e. can an almost-periodic function /: R — > C be injective? (of 
course, if / is real-valued, this is impossible: if / is injective, it is mono- 
tonic and therefore non almost-periodic). 
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b) Can one, at the price of using a different Banach-Stone type Theorem, 
dispense with the condition 4>k{z) — z k ku k( z ), with dk 1 and Ufc(O) 7^ 
of (b) in Theorem EI i.e. is the converse of (a) in this Theorem always 
true? 

In view of the examples i'Ml! in Section 4, a complete description of the 
isometric composition operators : A + (T° C ) — > A + (T° C ) seems hopeless. 

We gave a proof of Theorem l22l which does not use Theorem El Using this 
theorem, we can give a variant of Theorem |22 fix an integer k ^ 1, and denote 
by Aft the subalgebra of A + consisting of the functions /(s) = Ylp+(n)^k a n n ~ s , 
where P + (n) denotes the largest prime factor of n. Equivalently, / € A~£ if the 
Dirichlet expansion of / only involves the primes pi , . . . , pk- Define similarly 
the subspace T>k of V. With those definitions, we can state the: 

Theorem 23 Let <fi(s) = cqs + tp(s), ip S T>k, induce a composition operator 
C^: A\ — > A~£ . Then A\ — > A\ is an isometry if and only if <j>(s) = 
cqs + it, with Co 6 M and t € R. 

Proof. Sufficiency is trivial. For the necessity, define an isometry A: A~l — > 
A + (T k ) by: 

OO OO 

n—l n— 1 

where n = p" 1 . . .p^ k is the decomposition of n in prime factors. Set zM = 
(Pi S , . . . ,Pfr S ) € D fc and check that AC^A -1 = T is a composition operator 
C^: A + (T k ) — > A + (T k ), isometric if C<p is isometric, and such that: 

4>(z [s] ) = z Ws)] . (35) 

We now use Theorem El to conclude that 4> = (0i> • • • > <^fc)) with ^1(2:) = 
eiz^ 11 . . . z^ lk , and where au,...,flit are non-negative integers. Exactly as 
in the Proof of Theorem El we then conclude that (p(s) — cqs + it. □ 

In the next Theorem, we shall see that there are few composition operators 
whose symbols preserve the boundary iR. 

Theorem 24 Letifi: Co — > Co inducing a composition operator C^: A + — > .4 + , 
and smc/i i/iai moreover 4> has a continuous extension to Co, preserving the 
boundary of Co, i.e. </>(zR) C zR. XTien 0(s) = cqs + ir, where cq G No and 
r 6 R. 

Proof. Let be associated with c/> as in Theorem El By continuity, the 
equation 0(z [s] ) = z^ (s ~>\ s € C , still holds for s = it, t € R, to give 

^{(Pj lt )j) = {Pj ^ lt ^) p and so 0(T°°) C T°° since, by the Kronecker Approxi- 
mation Theorem and the definition of the product topology on T°°, the points 
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(Pj lt )j ) t € M, are dense in T°°. Now, by Theorem 1201 we have in particular 
<p = {<pi)i, with 

<Mz) = e 1 z? 11 ...zr, 

for some complex sign e\ and some integer k. In particular, the equation 
ij>(zW) = z [ ^ (s)1 implies that: 

ei(pr*) 0ll -..(Pfc") 01 * = PT* W . seC . 

Passing to the moduli gives IZe 0(s) = clZe s, with c = X)J=i a ij !°gpi ' 

Theorefore, <^>(s) — cs — ir, t e R, and we know that c = Co is necessarily 
an integer. □ 
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